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Abstract. We present a definition of diophantine matrix and use this concept to distinguish 
two classes of minimal linear foliations of T n, the diophantine and the Liouville one. Let gp, 
1 _< p _< n - 1, denote a minimal (all leaves are dense) linear p-dimensional foliation of T n, 
and H~ n, gv), 1 < ra < p, the cohomology group of type (0, m) of the foliated manifold 
(T n, gp). Our main result is the computation of these groups. H~ n, gp) is isomorphic to 

[{(~) if ~p is diophantine and is an infinite dimensional non-Hausdorff vector space if s is 
Liouville. Some of these groups were computed before, see [4], [6] and [9]. 

O. Introduction 

In this paper we present a definition of diophantine (q x p)-matrix; when p = 1 

it coincides with the usual notion of diophantine vector. We use this definition 

to distinguish two classes of minimal linear foliations of T n, the diophantine 

and the Liouville one. Let gp, 1 < p < n - 1, denote a minimal linear p- 

dimensional foliation of T n, minimal in the sense that every leave is dense, and 

H~ gp), 1 < m < p, the cohomology group of type (o, m) of the foliated 

manifold (T n, gp) [10]. 

Our main result is the computation of H~ '~, gp), 1 < m < p. Assume, 

without loss of generality, that gp is transversal to the fibers of the projection 

T q ~ T p+q ~ T p, p + q = n, then Ep is defined by a linear q-form w on T '~ 

which induces the canonical volume element on each fiber Tq. Consider the map 

~:(h~ gp),d.) ---* (h~(Tn) ,d ) ,  0 < m < p 

of differential complexes, given by 9(#)  = :~/a A w, where ~ denotes integration 
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190 I .L .  ARRAUT AND N. M. DOS SANTOS 

along the fibers and write A~ for the kernel of $o. We first show that 

2.1 H~163 = Hra(T p) ~ H~ 

and after that 

2.2 (i) If Cp is diophantine, then H~ = 0 

(ii) If ~p is Liouville, then H ~ (ker) is infinite dimensional, and 

2.4 HO,n(ker ) = CL(d,A~ 
deh~ (ker) 

where C L  denotes the closure in the C~176 

Some of these groups were computed before, H ~  2, El) by Heitsch [6] in 

the diophantine case and by Roger [9] in the Liouville's case. Later Alaoui and 

Tihami [4] computed H~ n, Ep) for some diophantine foliations, in our sense, 

and H~ n, 31) for Liouville's foliations. In [2] the study of locally free actions 

of R p on T n led us to compute H~ n, ~r 

In section 3 we give as an application, a proof of the vanishing of the char- 

acteristic mapping [1] for locally free actions of R p on T n whose underlying 

foliation is linear and minimal. 

1. Diophantine and Liouviile foliations 

For 1 _< p _< n - 1 write T n as T p x T q and let exp: R p • Rq --~ T p x T q be 

the universal covering map i.e., 

w , . . .  , Vq) = (e  e e2"Y  , e2  Yq) 

Let ~p denote a p-dimensional linear foliation of T n and assume, without loss of 

generality, that 3~, is tlansversal to the projection T q --, T l'+q e ,  T p. Under 

this assumption 3. determines uniquely the linear 1-forms 

wl = alxdxl + " "  + alpdxp + dyl 

w2 = a21dXl + "'" + a2pdxp + dy2 
(1.1) 

" 4  

Wq : aqldXl + " "  + aqpdxp + dyq 
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LINEAR FOLIATIONS OF T n 191 

which in turn define ~'p, i.e. 

q 

Tep = N k e r w j .  
1=1  

Therefore, there is a bijection between the set of these foliations and the vector 

space of q • p real matrices A = [aq]. We recall that: 

1.1 ~p is a minimal foliation if and only if r l w l  + " "  + rqWq, with r j  E Q, is a 

rational form, implies r l  : . . . .  rq = O. 

and 

Let 
k = [ k l " . k q ]  e M ( 1 , q ; Z ) ,  

e---[s ""s  e M ( 1 , p ;  Z), 

x = [ X l ' " x p ]  e M ( 1 , p ; R )  

A = [aij] e M(q,p;[~), 

Ikl = sup  Ik, I, 
i 

lel = sup  letl, 
J 

I~1 = sup  l~il  
J 

I1~11 = ir~f Iz - el; 

I1~11 defines a metric on T p. 

1.2 Definition. We say that a (q x p)-matrix A 

(i) verifies a diophantine condition and write A E D~, if there exists fl > 0 

and c > 0 such that for every k E Zq, k # O, we have 

C 

IIkAII > Iklq+---- 7 

(ii) is diophantine if 

A E D =  [.J D# 
~>_0 

(iii) is Liouville, and write A E L, if A is not diophantine and the lines A1 . . . . .  

Aq of A are linearly independent as elemems of the vector space IqP(Q). If  

A e L there exists a sequence {k s = [k~. . .k~]}  with Ik~l --, to as s ~ to  
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192 J.L. ARRAUT AND N. M. DOS SANTOS 

such that 
1 

Ilk'All < ik, I---~ 

Observe that definition 1.2 produces for p = 1 the usual concepts of diophan- 

fine and Liouville numbers (q = 1) and vectors (q > 1) [7]. For q = 1 and 

p > 1 the concepts obtained are not the standard ones and we used them in [2] to 

define diophantine and Liouville linear forms of T n. For example, let A = [ab]. 

If a is a diophantine number then A E D. If a is a Liouville number and b = a 2, 

then A is a Liouville matrix. 

1.3 Remarks. If a column of A, say A j, is diophantine, then A is diophantine. 

In fact 
C IlkAII _> k A J  I > iklq+----Z. 

If a line of A, say A/, is Liouville, then A is Liouville. In fact, let {k~} be a 

sequence of positive integers such that k~ ~ c~ with s ~ co and that 

IlkCA~ll < 

Take k s : [ 0 . . .  k ~ . . .  0]. Then 

Ilk'All = IIk~A~ll < - -  

1 

1 1 

Ik$l" - I k ' l '  
A matrix made of Liouville ce]unms may be a diophantine matrix. 

We obtain examples of this situation by combining the following two state- 

ments: 

(i) Let a, b E R such that a + b E D#; then the matrix [a b] C D~. By definition 

II[ka kb]l[ = in f sup{ lka  - eli,  Ikb - e2l}. 
[e, e~] 

Assume that 

then 

II[ka kb]ll = Ika  - •11; 

2[ka - 6 I  ~ I ka  - 6 l  + [kb - e2I 

>_ [ka - ~-1 + kb - e~ I 

= IkC~ + b) - (s + s 
c 

I k [ l + / ~ "  
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LINEAR FOLIATIONS OF "I n 193 

Therefore 
1 c 

IlIka kb]ll > ikll§ 

(ii) If  c E R - Q, then c = a + b where a and b are Liouville numbers, see [5]. 

C = [ c ] . C l c 2 e 3 c 4 c 5 c 6 c 7 c 8 r  c 3 3 c 3 4 c 3 5  �9 �9 �9 

a : [c].c100c4c5c6c7c8e900... 0c34c35 �9 �9 �9 

b : O.Oc2csO00000clOCll . . .  c3300 . . .  

2! 3! 4! 

It is easy to check that a and b are Liouville numbers. It may also be the case 

that a matrix made of diophantine lines is a Liouville matrix, but we do not 

know of  any example. 

1.4 Definit ion. A linear foliation s of T '~ is said to be diophant ine  or LiouviUe 

if the corresponding matrix A has such a property. 

It follows directly from definitions 1.2 and 1.4 that linear diophantine and 

Liouville foliations are minimal and that every linear minimal foliation is either 

diophantine or Liouville. 

We want to point out that the contents of definitions 1.2 and 1.4 are essentially 

the same as the one of definition 2.1 in [8]. In fact we could say that a linear 

foliation s of T r' is diophantine or LiouviUe if the vector subspace of R n given 

by the rows of the matrix [AIq], A determined by s is diophantine or Liouville 

in the sense of J. Moser. We thank the referee for calling our attention to this 

coincidence. 

2. The Cohomology of Linear Foliations 

Let s be a minimal linear p-dimensional foliation of T n, 1 <_ p <_ n - 1, 

transversal to the fibration 

T q _ . ~ T p + q  P ,  T v 

where P is the projection 

(z l , . . .  , zp ,m, . . .  ,yq) ~ (z l , . . .  ,xp) 

and W l , . . .  , Wq the linear 1-forms uniquely determined by ~p, as in (1.1). Denote 
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194 J.L. ARRAUT AND N. M. DOS SANTOS 

by ~ the foliation by tori given by the fibers of P.  The coframe 

{ d z l ,  . . . , d z p ,  W l , .  . . , W q }  

of T n is well adapted to the decomposition T n = T~p ~ T ~ .  Its dual frame is 

a a 
( E1, . . . , Ep, ayl  , . . . , Oyq } 

where 
a ~9 ,9 

Ej  - ax~ aliTy'~y~ . . . . .  aqj ayq" 

Denote by A~ ", ~p) then C ~ forms of type (o, m) of the foliated manifold 

(T", ep). If , e A~ ep) then 

= ~ 1~1..~,, d~l ^ . . .  A d~,~. 

The foliated exterior derivative 

d,: A~ Ep)--, A~ Ep) 

is given by 

d , ( fdx i ,  A . . .  A dxira) = Z E i ( f ) d x j  A dxi, A . . .  A dxira (2.1) 
i 

(h~ Tn, ~v), de) is a differential complex and the associated cohomology is 

denoted by H~ n, ev). 

Now, let w -- Wl A . . .  A wq and for each 0 < m < p 

P 
hora(Tn, Ep) m hm(T  p) (2.2) 

be given by ~(#) -- ~ ju A w, where ~ denotes integration along the fibers of P.  

P is an epimorphism of differential complexes and 

( -  1)'n ~ o P* -- id .  
(2~)-, 

Denote by A~ the kernel of P and let dy be the exterior foliated derivative 

of the foliated manifold (T n, ~ ) .  Direct computation gives: 

p E ker 0ra r ~u A w is df-exact. (2.3) 

Associated to 8a we have a long exact sequence of cohomology groups 

. . . . . . ,  H~ ---, H~ n, ~p) $~*, Hm(Tn) ~, HOra+l(ker)--, . . .  
(2.4) 
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LINEAR FOLIATIONS OF "I n 195 

and, since the connecting morphisms 6 are zero maps, the sequence (2.4) breaks 

into short exact sequences 

0--+ H~ H~ Ep) 80" H,n(Tn ) --~ 0 (2.5) 

It follows from (2.5) that 

2.1 H o , ~ ( T , , ~ )  = H O ~ ( k e r ) ~  H"~(T") = H ~  e R(~") 

therefore to know H ~ (T '~, Ev) it remains to compute H~ 

2.2 Theorem. Let s be a minimal linear p-dimensional foliation o f  T n, 

1 < p < n - 1. Then H~176 = 0 and for  every 1 < m < p 

(i) H~ = 0 i f  Ep is diophantine 

(ii) H~ is infinite dimensional i f  ~p is Liouville. 

For the sake of clarity we give the proof in the particular case n = 4 and 

p = q = 2. Associated to the decomposition T T  4 = TE2 @ T ~  one has the 

frame and dual coframe of T4: 

O 0 O 
E 1 -  OZl a l l  ~--~/I a21 Oy2 

a a a 

c9x2 a120--~y 1 -- a22 9~/2 

dxl  

E~ - dz2 

a 
•Yl and 1111 : a l l dz l  + a12d•2 q- dyl  
a 

C~y 2 w2 = a21dz1 q'- a22dz2 -k- dy2 

Let f be a 0-cycle i.e., 

def  = E l f  dxl  q- E 2 f  dx2 = 0; 

then E l f  = E 2 f  = 0 and, since ~2 is minimal, f is a constant. Furthermore, 

since f E A~176 then we have necessarily f ___- 0. Therefore H~176 = 0. 

We will denote the liftings of objects from T 4 to R 4 with the same letters. The 

lifting of a function f E C ~ (T 4) has a Fourier expansion 

f = ~ hke  ~ri(l'z+k'~) 
(t,k) 

with s163163 = [klk2],x = [ZlX2] and y = [Ylyz]. If 

= f l d x  I + f2dx2 
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196 J . L .  ARRAUT AND N. M. DOS SANTOS 

and 

it follows from (2.1) that: 

o r  

u = f d z l  A dx2, 

~u e A~ r f~o = f~o = 0 for every g. (2.6) 

~u E z~  r E l f  2 = E2f  1 (2.7) 

- - -  : k 1 (el kla11 k2a21)f~2k (e2 - kla12 - 2a22)f~k 

for every k # [0 0]. 

# ~ B~  

Elh  = f l  

E2h = f2 

1,' e h ~ r 

1: E B~ r 

o r  

o r  

r there exists h E A~176 such that 

2~ri(s - k l a l l  - k2a21)hek = f~l (2.8.1) 

27ri(s - k la l2  - k2a22)hek : f~k (2.8.2) 

h o  = o for all e and Z~ = A~ (2.9) 

there exists hldxl  + h2dx2 E A~ such that 

E ~ h  2 - E ~ h  ~ = f 

2~ri[(el - -  k l a l l  - k2a21)h~k ] - (e2 - k la l2  - k2a22)hlk : fek (2.10) 

Proof of (i). Since ~2 is diophantine, A E D# for some fl _> 0. Let 

= ( k :  o: kA11 : Ilkall} 

and 

K2 = {k e M ( 1 , 2 ; Z )  - K l , k  # o: IIkA211 = IIkAIt} 

Then M ( 1 ,  2; Z) - {0} -- K1 t_J K2 and K1 fq K2 : r 

We show first that every (0, 1)-cocycle /z : f l d x l  q- f~dx2 is d :exac t .  

Define complex numbers hek by (2.8.j) if k E K y , j  : 1 ,2 and heo = 0. Since 

by hypothesis f~k and f~k satisfy the relations (2.6) and (2.7) it follows that every 

hek, just defined, satisfies both (2.8.1) and (2.8.2). Thus, for k E K 1 one has 

1 ]f~,~[ 1 ]flk _ 1 feJkl 

Ihekl = 2 ~  [ey - klal$ - -  k 2 a 2 j  [ < 27r IIkAYll 2~-[Ikall 
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LINEAR FOLIATIONS OF T n 197 

and by 1.2 there exists c > 0 such that 

Ihekl < ~-~rclk[ 2+a f~k" 

Therefore the hek's are the Fourier coefficients of a C~176 h such that 

deh =/z .  Now, take a (0, 2)-cocycle '7 -- fdxldz2 and define complex numbers 

h~k and h~k by: 

0, 

= - -  h k  

h~k (e2 - kla12 - k2a22)' 

if k E  K~ 

if k E  K2 

if k E K2 

if k E K~ 

0, 

= fek 
h~k ( e l  - -  k l a l l  - k 2 a 2 1 )  ' 

From the diophantine character of A it follows that the hlk's and h~k's are 

the Fourier coefficients of Coo-functions h i and h 2. Besides, since they satisfy 

relations (2.10), 

7 = fdxldz2 = d~(hldzl + h2dx2) 

and the proof of (i) is complete. 

Proof  of (ii). Since E2 is Liouville there exists a sequence k s = [k{ k~] with 

I k~l --+ oo such that 
1 

IIk~AII < ik~l--7, 

For every s let ns _> s be the greatest integer such that 

I[ i 1 k"A~ < ik.ln~ j =  1,2. 

Since ~'2 is minimal one obtains from 1.1 that [IkAll # 0 for every k # 0, thus 

for each s there exists j(s) ~ {1, 2} such that 

1 1 
ik~l,,~+-----x < IIk~mi(")ll < tk~l.------w. 

taking a subsequence one can assume, for Therefore, by 

every s 
1 1 

iksl.~+------~ < tlk~Alll < ik~l.-----~ 
1 

k~A 2 < lk,i.-------7 

example, that for 

(2.11) 

(2.12) 
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198 J .L.  ARRAUT AND N. M. DOS SANTOS 

Let es = [eslls2] be such that 

k S A  j I q  - kSAJ = I q  - k~a l j  - k~a2j j = 1,2. (2.13) 

Now, we are going to construct a sequence of d,-closed forms 

{l in = f n d z l  -4-gndz2} 

such that the subset {[gn]} c H~ is linearly independent. We construct 

the sequence {#,,} inductively. 

Define 

1 

ST,, = le.~l"sl~Nl"slSlksl"d3' 
O, 

if (s = 4-(eS ,k  s) 

otherwise. 

The f~k's are clearly the Fourier coefficients of a C ~ real function f l .  Define 

the 9 h ' s  through relations 2.6 and 2.7. Then 9 h  = 0 if ( l ,k )  # (eS, k s) and 

1 l~ - k[al2  - k~a22 ~,1 
gesks : #.[ -- k [ a l l  i~2r 

By taking absolute values on both sides and by using (2.13), (2.11) and (2.12) 

one obtains 
gbks II~A2II ,x < Ikq f~sk. 

- i lk.mil l  . .ks  
'S Therefore the gllk are the coefficients of a COO real function g 1 and ~1 

f l d z l  + gldzg, belongs to z~ Now we show that #1 is not d,-exact. In 

fact, assume Pl  = deh with h E Co~ Then the Fourier coefficients of h must 

satisfy relations (2.8.1) and in particular 

flsks 
2~rihesks = (g[ _ k~al l  - k~a21)" 

From (2.13) and (2.11) one obtains 

2~lhl.l.sl > IkSl "" IDks = LNI/ tle~ll 
But 

implies 

I 1 
< 

ik, l.~ 

Ik'l < IAS § iksl,,S+----- i < [A j + 1  

Bol. Soc, Bras. Mat., Vol. 21, No. 2, 1991 



L I N E A R  FOLIATIONS OF T n 199 

which in turn yields 

1 1 1 Ifb  l > (2.14) 

By the Riemann-Lebesgue theorem h could not be a LLfunction. We conclude 

that 0 ~ [ttl] E H~ To construct ttz take a proper sequence of {(gs, k~)} 

which contains infinitely many terms and disregard infinitely many of them. Start- 

ing with the new sequence, the same construction made for Pl gives 

bt2 = f 2 d z l  + 92dx2. 

Following this procedure one constructs inductively the sequence {p.}.  Now 

assume 

+ c2[ , 1 + . . .  + = o, 

with cj E R. Then. there exists a C~176 function h such that 

deh : C l / . t l  -~- C2/Z 2 -~- " ' "  q -  Crt~rt.  

The Fourier coefficients of h must satisfy relations (2.8.1) and in particular 

271"i(~[ - -  k ~ a l l  - k~a21)hesks = Clf~sks + c2f~sks + " "  + C n f ~ s  (2.15) 

From the construction of {~tn} it follows that there are infinite subsequences of 

(gs, k s) for which the following relations are satisfied: 

f~sks . . . . .  f~k8 : 0 (2.16.1) 

risk, = f~,~s and f~sk, = f~ks  = 0 (2.16.2) 

f xk8  n-1 = f~,ks and f~,~ = 0 (2.16.n) 

Considering (2.15) together with (2.16.j) j = 1 , . . .  ,n  and (2.14) one obtains 

Cl = c2 = . . . .  Cn = 0 and this completes the proof of (ii). 

Now, we take care of H~ Let u = f d x l A d x 2  with f = f l  previously 

defined. Assume tp is de-exact i.e., there exists h l d x l  + h2dx2 E A~ such 

that E l h  2 - E2h 1 = f .  From (2.10), (2.11) and (2.12) one gets 

and 

1 f e  s kS 

I Ih.k.I  
2rr Ilk'al[I 

~. - k ~ a l 2  - k 8 
_ 2 a 2 2  1 2 

-- s k[al l  k 82azlhesk~ + he'~s 

< Ik'l + 
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200 J.L. ARRAUT AND N. M. DOS SANTOS 

Since h 1 and h 2 are C~176 this last inequality implies 

1 }hs~sl 
§  a s  8 - - - + 0 0  

2,~ IlksA~ll 
which contradicts (2.14). 

We conclude that 0 r [1.,] E H ~ (ker). The proof continue as in the case of 

H~ 

To prove (i) for arbitrary n and p we first define 

KI  = {k E M ( 1 , q ; Z ) , k  r o: Ilkmlll = Ilkall} 

K2 = {k E M(1,q ;Z)  - K l , k  # o: IIkA~ll = Ilkall} 

Kq = (k  e M(1,q ;Z)  - (K1 t_J...t_J Kq) , k  ~ o: llkAqll = IIkAll} 

Then 

M(1,  q;Z) - {0} = K1U K2 U . . . U  K s 

and K i n  K i = O for i r j .  Next, imitate the steps given above. 

To prove (ii) for arbitrary n and p we can assume, by a permutation of indices 

if necessary, that there exists a sequence k s = [k f . . .  k~] with IkSl --, ~ such 

that 
1 1 

iksl,s+l < kSA 1 < iksi,-----~ 

II II 1 kSA j < [kslns , 2 < j < q  

Next, define 
1 

f~k = it~l~,/~+l.., ltgl,,,/q+Xlksl,,/q+l 
if (l, k) = +( l  s, k s) and 0 otherwise. Next imitate the steps given above. 

2.3 Remark.  In the proof of 2.2 part (ii) we constructed C~176 f l  and 

f2 such that E l f  2 = E 2 f  1 and the pair of equations 

E l h  = f l ,  E2h = f~ (2.17) 

had no Ll-solutions. However, let 

# = f l d z t  + f2dx2 e Z~ 

Bol. Soc. Bras. Mat., Vol. 21, No. 2, 1991 



LINEAR FOLIATIONS OF T n 201  

and 

Then for each n the form #n = f~dxx + f2ndx2 is de-closed and equations 

(2.17) with fn j in place of fJ  have analytic solutions hn. In other words, given 

any /~ S Z~ there exists a sequence {#n} C B~ which converges 

in A ~ (ker) with the C~-topology to #. An analogous consideration applies to 

2-forms v. We have proved 

2.4 Proposition. Let s be a minimal linear p-dimensional LiouviUe foliation 

o f t  n , l  < p < n - 1 .  Then 

HOm(ker) = C L( d~A ~ 1) (ker) ) 
deAo(m_l)(ker) 1 _< m _< p. 

Here CL means the closure in the C ~ topology. 

3. App l i ca t i ons  to Actions of R p 

Let M be a closed orientable connected m-dimensional manifold and F:  R p • 

M --~ M be a non-singular Cr-action, r > 2. To study the space Ar(RP,M) 

of all non-singular Cr-actions, r >_ 2, of R p on M we introduced in [1] a 

characteristic mapping which associates to each action F in Ar(R p, M )  a (q+ l ) -  

linear mapping aF  of Rp on the de Rham cohomology group H2q+I(M), q = 

m - p being the codimension of the underlying foliation ~r of F. We proved in 

[1]: 

2.2 The characteristic mapping OtF vanishes ff F is a non-singular action of T p 

with 1 < p <  m -  1. 

2.8 ~F is degenerate if F is a non-singular action of T m-2 • R on M. 

4.2 Let F be a Cr,r > 2 non-singular action of R 2 on a closed orientable 

connected 3-manifold M ~ T ~. If aF i s  non-degenerate, then F has a 

compact orbit and so does any action G in Ar(R 2, M)  which is sufficiently 

C 1 close to F. 

See [3] for further results. 

In this section we prove the vanishing of the characteristic mapping of a 
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202 J.L. ARRAUT AND N. M. DOS SANTOS 

C r, r >_ 2 non-singular action whose underlying foliation is a minimal linear 

foliation of T n. This generalizes Theorem 4.6 in [1]. We now recall the definition 

of the characteristic mapping aF  as given in [1]. The orbit of x E M under the 

non-singular action F:  R p • M ~ M is the mapping F~: R p ~ M defined by 

Fx(v) = F(v,x).  Consider the vector fields on M given by 

Xi (x  ) =  DF*(O).ei, l < j < p 

where e l , . . .  , em is the natural basis of W n. X = {X1, . .  �9 , Xp} is a commuting 

p-frame of the underlying foliation jr of F. Any ordered set of 1-forms ~ -- 

{ ~ 1 , . . . ,  ~p} such that ~j(Xi) = 8ij is called a p-coframe adapted to F. Let 

A(M) be the graded algebra of smooth forms on M and I(jr)  be the annihilating 

ideal of jr i.e., a j-form belongs to I(jr)  if W~(Vl,. . .  ,vy) = 0 whenever 

V l , . . .  ,I)$' are all tangent to jr at x. Thus dI(jr) c I( jr)  and _/-(jr)q+l = 

O, q = m - p. The characteristic mapping of F is the (q + 1)-linear symmetric 

mapping 

otF:R p x " . .  • R p - *  H2q+l(u) (3.1) 
defined by 

, % + , )  = ^ ^ . . .  ^ d  q+l] 

where ~ = {~1,-. .  , ~p} is any e r p-coframe adapted to F and [w] denotes the 

de Rham cohomology class of a closed form w in A(M). It is shown in [1] that 

aF  does not depend on the choice of ~ and is (q + 1)-linear and symmetric. 

For example: if m = 3 and p = 2 then a F : R  2 • R ~ ~ HZ(M) = R is the 

symmetric bilinear form given by 

aF(e i ,e j )= fM~iAd~y  , l <_i, j<_2 

Let Ar(RP,T n, ~r = p + q be the space of all non-singular Cr,r >_ 2 

actions of R p whose underlying foliation is a linear foliation Ep of T n. Here we 

prove 

3.1 Theorem. I f  s is a minimal linear foliation of T '~, n = p + q, then 
aF = O for every action F in Ar(RV,T n, s 

Proof. Let Z~ n, s denote the linear subspace of all d~-closed 1-forms in 

A~ n, s In ([1], 1.11) it is shown that the (q + 1)-linear mapping 

f l :z~  Ep) • . . .  • Z01(Tn, ep) ~ H~q~I(T n) 
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given by 

. . .  = [,7, A d,7  A . . . A  d,Tq+ ] ( 3 .2 )  

is continuous in the CLtopology. 

To prove 3.1 we show that fl is the zero mapping. 

It follows from (2.1) and proposition 2.4 that 

�9 0 1 rlj = P rlj + rlj + d ,h  i (3.3) 

o is closed in AI(Tp),r~ 1 e ;~~ and where r/i 

1 lim d , M  n r/j : n~oo 

1 : 0 i f  ~pis in the C ~ topology, 1 < j < q + 1. Actually by Theorem 2.2 i) r/j 

diophantine. Thus, by the continuity of fl, it suffices to consider 

�9 0 rlj : P rlj + d~h i ,  l < j < _ q + l  (3.4) 

In this case we have 

f l ( r / 1 , . . . ,  r/q+l) = [deh I A ddeh 2 A . . . A ddeh q+ l] (3.5) 

Since dd~h i ~ I($p), 1 < j < q + 1, and I(~'p) q+l = O, it follows that 

deh 1 A ddeh 2 A " "  A ddeh q+l : d (h lddeh  2 A . . .  A ddeh q+l) (3.6) 

From (3.5) and (3.6) we see that / ~ ( ~ 1 , - . .  ,17q-t-I)  = 0 when the rS's are as in 

(3.4). This proves the theorem. 
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